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Abstract
et Sy denote the class of functions f = h 4+ ¢ which are harmonic univalent and sense-preserving in the
unite disk U= {2 : |2| < 1} where h(z) = z + > 3%, arz®, g(z) = 3 br2" (|b1] < 1). In this paper we intro-
k=1

duce and study the new class of harmonic quasi-convex function. Some properties of this class are proved.
Coefficient conditions, distortion bounds, extreme points, convolution conditions, convex combination for
the class THQ are obtained .
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1 Introduction and preliminary results

A continuous functions f = w + iv is a complex valued harmonic function in a complex domain C if both
u and v are real harmonic in C. In any simply connected domain D C C we can write f(z) = h 4+ g, where h
and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that |h'(2)| > |¢’(2)] in D. See Clunie and
Sheil-Small (see [4]).

Denote by Sy the class of functions f = h 4+ g that are harmonic univalent and sense-preserving in the unit
disk U = {z : |z| < 1} for which f(0) = h(0) = f.(0) =1 =0. For f = h + g € Sy we may express the analytic
functions h and g as

h(z) =z + Zakzk, g(z) = Z by.2" |b1] < 1. (1.1)
k=2 k=1

Analogous to well-known subclasses of the family S, one can define various subclasses of the family Sy. A
sense-preserving harmonic mapping f € Sy is in the class HS™* if the range f(U) is starlike with respect to
the origin. A function f € HS* is called a harmonic starlike mapping in U. Likewise a function f defined in
U belongs to the class HC if f € Sy and if f(U) is a convex domain. A function f € HC is called harmonic
convex in U. Analytically, we have

] zh'(2) — 24/ (2)
fEHS = RB{W}>O’ zeU.

W(z)—g'(2)

In [1] Noor and Thomas Introduced and studied the class of quasi-convex function @ for f € S.

feHC = Re{ () + P(2) = 29"(2) + 29'(2) } >0 zeU.

Definition 1.1 Let f € S. Then f is said to be quasi-convex in U if there exists a convexr function g with

g(0) =0, ¢’(0) =1 such that
Re{(zgl(z))/} >0, z e U.
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Now, we define the class of harmonic quasi-convex functions denoted by HQ.

Definition 1.2 Let f = h+ h where h and g given by (1.1). Then f is said to be harmonic quasi-convex in U
if there exists a harmonic convez function F' = H + G in U where

H(z)=z+ iAkzk, G(z) = inzk |B1| < 1. (1.2)
k=2 k=1
such that
Re{ W(2) + W(z) = 29"(2) +29'(2) } >0, =zel. (1.3)
H'(z) — G'(2)

it is clear that when f(z) = F(z), then HC = HQ so that HC C HQ.

Note that in 1984 Clunie and Sheil-Small [4] investigated the class Sy as well as its geometric subclasses and
obtained some coefficient bounds. Since then, there has been several related papers on Sy and its subclasses
such that Avci and Zlotkiewicz [6], Silverman [2], Silverman and Silvia [3] , and Jahangiri [5], Ponnusamy and
Kaliraj [7] studied the harmonic univalent functions.

We show first that HQ C HK, so that every harmonic quasi-convex functions is harmonic close-to-convex
function and hence univalent in U. To prove the following theorem we use the same technique given by [7].

Theorem 1.1 Let f =h+g € HQ, where h and g given by (1.1) and F be univalent, analytic and starlike in

U. If f satisfies
eiah/(z)
Re{ Fi2) } >

then f is sen-preserving harmonic and close-to-convexr HIC and hence univalent in U.

g'(2)
F'(2)

, z e, (1.4)

Proof. Let T'=h + eg € HQ where |¢| = 1. By (1.4) it follows that
eiGT/(z> ewh/(z) Eewg'(z) eiah/(z)
D N AR P UL _
Re{ Fl2) Re i) + Re F2) > Re Fl2)

Moreover, by (1.5), we see that
eieh/(z)
<
< Re{ i) < Re

So that (as F'(z) # 0), |¢'(z)|] < |W/(z)|. Thus from the classical analytic characterization for close-to-convex
function [[4] Theorem 2.17], we obtain that T = h + eg is close -to-convex in U for each € with |¢] = 1. By
Theorem 1.3, we obtain that f is close-to-convex and hence univalent in U.

> 0, zeU.

eieh/(z)
F'(z)

9'(2)
F'(2)

h'(z)
F'(z)

b

We further denote by THQ the subclass of HQ such that the functions f = h+g where h and g of the form:

M) == Janle, o) =3 Ihalen (15)
n=2 n=1

and

F(z) = H(z) + Gn(2) zz—ZAkzk—i—ZBkzk. (1.6)
k=2 k=1

In the following, we will give the sufficient condition for functions f = h + g where h and g given by (1.1)
to be in the class HQ and it is shown that these coefficient condition is also necessary for functions in the
class THQ. Also, we obtain distortion theorems and characterize the extreme points for functions in 7THO.
Convolution and closure theorems are also obtained.
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2 Coefficient Bounds

We begin with a sufficient coefficient condition for functions in HQ.

Theorem 2.1 Let f = h + g where h and g given by (1.1) and F = H + G given by (1.2). If

> nPllan] +bal] <2, (2.1)
n=1

where a1 =1, then f is sense-preserving, harmonic univalent in U, and f € HQ.

Proof. If z; # 23, then

S by (27 — 28
f(z1) = f(z2) > 1_ 9(z1) — g(22) —1_ nzzzl (=1 2)
i) = hiza) M) —hGe (21 = 22) + 3 anaf = 28)
2. nlba > by
>1- "= >1- "=l >y,
1= > nlay] 1= > n?la,|
n=2 n=2

which proves univalence. Note that f is sense-preserving in U. This is because
(e ] (o) (o)
()] = 1= nlanllz]"" > 1= n’lan| = n’lba
n=2 n=2 n=1
o0 o0
> Y nPballe* =Y nfballz T > 19 (2)].
n=1 n=1

From (1.3), let w(z) = (zgjgz;)/ and by using the fact that Rew > 0 if and only if |1 +w| > |1 —w|, it suffices
to show that

F/(2) + (2'(2))' (2:2)

| - ey

Substituting for f(z) and F(z) given by (1.1) and (1.2), respectively in (2.2) yields, by (2.1) we obtain

[F/(2) + (£ (2

|- -crey

oo

= ’2+inan+nA n-l anb —nB,] z”*l‘
=2

,‘ [n2an*nAn]Zn71+Z[nzbn+an]Zn71‘
n=2 n=1
2 Z Q‘Gnl + n|An|]|z|"_1 - Z [n2|bn| - n|Ban|n_1
n=2 n=1
=Y [PPlan] = nlAu[]lz"" = Y [0%[bn] + 0| Bal][2]"
n=2 n=1
>

oo (oo}
2{1 — Zn2|an||z\"_1 — Zn2|bn||z|"_1}
n=2 n=1
o0 oo
> 2{1 - Zn2|an| - Zann}.
n=2 n=1

This last expression is non-negative by (2.1), and so the proof is complete.
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The harmonic function

— 1 — 1___
f(z)=2+ Z ﬁxnz" + Z ﬁynz" (2.3)
n=2 n=1

where Y07, |zn| + > ne [yn| = 1, show that the coefficient bound given by (2.1) is sharp. The functions of the
form (2.3) are in HQ because

nz:jlnzuan| ol =130 el > el =2

In the following theorem, it is shown that the condition (2.1) is also necessary for functions f = h+g where
h and g are of the form (1.5).

Theorem 2.2 Let f = h +7 be given by (1.5) and F = H + G given by (1.6). Then f € THQ, if and only if

> n?flan] + [bal] < 2. (2.4)

Proof. Since THQ C HQ, we only need to prove the ”only if” part of the theorem. To this end, for functions
f and F given by (1.5) and (1.6), respectively , we notice that the condition (1.3) is equivalent to

Re{ 11_ ZZO:Q n*a,z" "' — 2701021 n?b,z" ! } > 0.

— Yol nAnz T+ 30 Bz
(2.5)

The above required condition (2.5) must hold for all values of z in U. Upon choosing the values of z on the
positive real axis where 0 < z = r < 1, we must have

1— 300y nPlag|r =" = 370 n?[by, r !

0 E3) > 0.
1- Zn:Q n|An|Tn71 + anl |B7l‘7‘n71

(2.6)

If the condition (2.4) does not hold, then the numerator in (2.6) is negative for r sufficiently close to 1. Hence
there exist zg = 1 in (0,1) for which the quotient in (2.4) is negative. This contradicts the required condition
for f € THQ and so the proof is complete.

3 Distortion Bounds and Extreme Points.
In this section, first we shall obtain distortion bounds for functions in 7HO.
Theorem 3.1 If f € THQ. Then for |z| =r < 1 we have
1
)< @ oD+ 7 (1= [ba])r2,

and

) = (=l — (1 - b)
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Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar and will be
omitted. Let f € THQ. Taking the absolute value of f we obtain

If(z)] = ‘z + Zanz" + Z bz"
n=2 n=1

(14 [b1))r + >~ (lan] + [ba])r"

<
n=2

< (@A (b2 Y [lan] + [bal])

n=2

1

< (14 ful)r + 7(§:2ﬂwﬂ+w|)

< (4 bil)r+ - (Zn llan| + [ba]]) 2
1

< (At lbahr+ 7 (1=10l)r

for |b1] < 1 show that the bounds given Theorem 3.1 are sharp.

The following covering result follows from the left hand inequality in Theorem 3.1.

Corollary 3.2 If If f € THQ. Then

3
{wilul < Sa =D} c £
Next we determine the extreme points of closed convex hulls of THQ denoted by clco THO.

Theorem 3.3 f € clcoTHQ if and only if
2) = > (Xnhn(2) + Yoga(2)) (3.1)
n=1

where hy(2) =z, hn(2) =2 — 52" (n=2,3,..), gu(2) = 2+ 52" (n=1,2,3,.), Yo" (Xn + Y,) =1, X,, >
0, Y, > 0. In particular, the extreme points of THQ are {h,} and {g,}.

Proof. For functions f of the form (3.1) we have

flz) = (Xnhn(2) + Yngn(2))

Z"" 1 ZOO 1
n=2 n=1

Nl

I
M8
™

3
Il
-

Then

Zn |an|+zn2|b | = ixn+iyn:1fxl <1,
n=2 n=1

n=2
and so f € clcoTHQ.
Conversely, suppose that f € clco THQ. Setting

X, =n%a,|0< X, <1(n=2,3,..),
Y, =n?b,|0<Y, <1(n=1,23,..),
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and X7 =1-— > X,, — > Y,. Therefore, f can be written as
n=2 n=1

flz) = Zlanlz +Z|b 2"

_ Z nn+z n,n

n=2

= z+2(h +Z gn(2) — 2)
+Zgn Y+z<1—ZX iYn>

n=1 n=2

I
Mg

3
||
v

I
WK

(hn(2) X + gn(2)Ys), as required.

3
Il
-

4 Convolution and Convex Combination.

In this section, we show that the class THQ is invariant under convolution and convex combination of its
member.

For harmonic functions f(z) = z — Z anz" + E b, z" and Q(z) = 2 — > 2"+ Y $,Z" the convolution of

n=1 n=2 n=1

f and F is given by

n=1

Theorem 4.1 Let f € THQ and Q € THQ. Then fxQ e THO.

Proof. Then the convolution f * Q is given by (4.1). We wish to show that the coeflicients of f x Q satisfy
the required condition given in Theorem 2.2. For Q € THQ we note that |¢,| <1 and |¢,| < 1. Now, for the
convolution function f * ), we obtain

(o] (o]
Zn2|an||¢n‘ + Zn2|bn‘|¢n|
n=2 k=1
oo oo

< Zn2|an| +Zn2|bn| <1.
n=2 k=1

Therefore f *xQ € THO.

We now examine the convex combination of THO.
Let the functions f;(z) be defined , for j =1,2,... by

oo oo
)=z langlz" + lba,
n=2 n=1

Theorem 4.2 Let the functions f;(z) defined by (4.2) be in the class THQ for every j =1,2,...,m. Then the
functions t;(z) defined by

z". (4.2)

- chfj(z), (0<¢ <1) (4.3)

is also in the class THQ where ) ¢; = 1.

j=1
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Proof. According to the definition of ¢;, we can write

oo m o0 m

ti(z) =2 — Z chan,j 2"+ Z Z C¢;bn. zZ* (4.4)
n=2 \j=1 n=1 \j=1
Further , since f;(z) are in THQ for every (j =1,2,...). Then by (2.4) we have
> {nz(zcj[ak,j||bk,ju)}
n=1 j=1

= D¢ (Z n[lan.;| + |bw-u>
j=1 n=1

> g2,
j=1

IA

Hence the theorem follows .

Corollary 4.3 The class THQ is close under convex linear combination.

Proof. Let the functions f;(z) (j = 1,2) defined by (4.1) be in the class THQ. Then the function ¥(z) defined
by

V(z) = pfi(2) + (1 = p)fa(2) 0<p<1)

is in the class THQ. Also, by taking m = 2, t; = p and t2 = (1 — ) in Theorem 4.1, we have the corollary.
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